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I. INTRODUCTION
Perturbative QCD (pQCD) in the usual renormalization schemes, such as MS, has the peculiar property of resulting in a running coupling a(Q 2 ) (≡ α s (Q 2 )/π) which has singularities in the complex Q 2 plane outside of the negative semiaxis, often at positive Q 2 ≡ −q 2 > 0. This implies that spacelike physical quantities D(Q 2 ) evaluated in terms of a(Q 2 ) have the same type of singularities, contravening the general principles of (causal and local) quantum field theories [1, 2] . These problematic aspects of pQCD were addressed in the seminal works of Shirkov, Solovtsov et al. [3] [4] [5] who constructed, as an alternative, a QCD model which has no such unphysical singularities. Their idea was to keep the discontinuity function ρ (pt) 1 (σ) = Im a(−σ − iǫ) unchanged for Q 2 ≤ 0 (σ ≥ 0), but eliminating the offending singularities at Q 2 > 0 by not including them in the dispersion relation for their coupling. The same principle was applied to any other integer power of a(Q 2 ). This approach was called Analytic Perturbation Theory (APT); in the present context we call it Minimal Analytic (MA) QCD, due to the unchanged (perturbative) singularities along the Q 2 ≤ 0 semiaxis. For various applications of MA and related models, see Refs. [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . 1 However, MA has two aspects which, under specific circumstances, may be regarded as inconvenient:
1. It subestimates [4, 6] the semihadronic τ decay ratio 2 r τ , giving r τ (MA) ≈ 0.13-0.14 in the strangeless V +A channel while the experimental value is 0.203 ± 0.004 [18, 19] .
At momenta Q
2 > Λ 2 (where Λ 2 ∼ 0.1 GeV 2 ), the MA coupling A (MA) 1 (Q 2 ) differs from the underlying QCD coupling a(Q 2 ) by terms ∼ (Λ 2 /Q 2 ). The latter property implies that, in MA, the leading-twist contributions to 1 In comparison with v2: rewritten and extended Section II; Section III refers to a new Appendix A; the results in Section IV are obtained by the standard minimization involving χ 2 ; Conclusions include a comparison with other results in the literature for the gluon condensate; new references [47] and [58] . To appear in PRD. 1 For a somewhat related but different approach, which performs minimal analytization of d ln a(Q 2 )/d ln Q 2 (and not: a(Q 2 )), see
Refs. [15] , and for extensions thereof Refs. [16] . 2 rτ represents the QCD part of the strangeless V +A decay ratio Rτ (∆S = 0); it has the (small) quark mass effects subtracted and is normalized in the canonical way: rτ = a + O(a 2 ). In Ref. [7] the correct value of rτ is reproduced in MA at a price of (modifying MA by) introducing strong mass threshold effects in the low-momentum regime.
physical quantities contain power terms ∼ (Λ 2 /Q 2 ) which are of ultraviolet origin. This is not in accordance with the ITEP interpretation of OPE [20, 21] which states that the higher-dimension (higher-twist) terms ∼ (Λ 2 /Q 2 ) n in OPE are of infrared origin.
These problems have been addressed in a series of papers [22] [23] [24] . In Ref. [22] the following question was investigated: Is there an analytic QCD which is simultaneously fully perturbative and reproduces the correct value of r τ ? The results of Ref. [22] indicate that there is probably no such framework, unless we introduce renormalization schemes which make the perturbation series highly divergent starting at terms ∼ a 5 . Therefore, in Refs. [23, 24] a more modest goal was pursued: construction of analytic QCD which is not fully perturbative, but addresses the previously mentioned two points nonetheless: the correct value of r τ is reproduced, and the deviation of the analytic coupling A 1 (Q 2 ) from the underlying perturbative coupling a(Q 2 ) at high |Q 2 | is proportional to a "sufficiently high" power of 1/Q 2 . In Ref. [23] , an analytic model was constructed for which A 1 (Q 2 ) − a(Q 2 ) ∼ (Λ 2 /Q 2 ) 3 at high |Q 2 | > Λ 2 . This was achieved by constructing the model-defining discontinuity function ρ 1 (σ) ≡ Im A 1 (−σ − iǫ) in such a way that it is equal to the discontinuity function ρ
(where M 0 ∼ 1 GeV), and in the low-σ regime (0 < σ < M 2 0 ) the unknown behavior of ρ 1 (σ) was parametrized by a single delta function. By adjusting the free parameters of the model, the aforementioned suppressed deviation
3 In Ref. [24] , this idea was continued, by employing in the low-energy regime (0 < σ < M 2 0 ) the parametrization in terms of two delta functions for the discontinuity function ρ 1 (σ). In this way, the strongly suppressed deviation
was achieved (while at the same time the correct value of r τ was reproduced). Therefore, in this model the leading-twist contributions to physical quantities do not give power-suppressed terms of dimension D < 10 of ultraviolet origin. Hence, the model can be applied with OPE, without contradicting the ITEP interpretation of OPE, up to D = 8 terms.
We wish to point out that our approach eliminates unphysical singularities from the QCD coupling while still preserving the salient features of the usual pQCD approach, among them the applicability of OPE (in the ITEP sense) and the related universality of the QCD coupling. On the other hand, the approaches of Refs. [7, 8, [26] [27] [28] follow a different line: by considering (various) specific timelike observables, they eliminate the unphysical singularities directly from the corresponding spacelike observables. This leads either directly [7, 8, 26] or indirectly [27, 28] to analytic QCD couplings whose nonunversality is reflected in observable-dependent modifications in the low-energy (low-σ) regime.
In this work, we will apply the mentioned analytic model of Ref. [24] to the analysis of the τ -decay data, in the V +A channel, using the OPE approach (with up to D = 6 terms) with Borel sum rules, along the lines of Refs. [29, 30] where the analysis was performed within the perturbative QCD in MS scheme. The program of the work is the following. In Sec. II we summarize the previously mentioned QCD analytic model [24] . In Sec. III we recapitulate a powerful Padé-related resummation method [31] which is very natural and convenient to apply in evaluations of physical quantities within analytic QCD models. In Sec. IV we apply this resummation, within our model, in the evaluation of the (leading-dimension part of the) Adler function, i.e., the logarithmic derivative of the polarization operator Π(Q 2 ) in the massless limit. We combine this evaluation, and the OPE expansion of the Adler function, with the Borel sum rules along rays in the complex plane of the Borel scales M 2 (as in Refs. [29, 30] ; cf. also. Ref. [32] ). For the experimental input we use ALEPH results of 1998 for ω exp (σ) (∝ Im Π(−σ − iǫ)) obtained from τ -decay invariant-mass spectra for 0 < σ < m 2 τ [17] . We also discuss the obtained results and compare them with the results obtained when no resummation is performed in analytic QCD, and with the results in perturbative QCD in the renormalization scheme that is underlying the analytic QCD model (with and without resummation) and in MS renormalization scheme. Section V contains a summary of the obtained results and conclusions.
II. 2-DELTA ANALYTIC QCD
Here we recapitulate the analytic QCD model of Ref. [24] , which contains a parametrization with two delta functions in the low-σ regime of the discontinuity function ρ 1 (σ) = Im A 1 (−σ − iǫ). Any analytic QCD model is defined, in principle, via its analytic spacelike coupling A 1 (Q 2 ), which is the analytic analog of the perturbative coupling a(Q 2 ) ≡ α s (Q 2 )/π. Any other coupling A n (Q 2 ) (analog of the power a(Q 2 ) n ) can then be constructed from it, via the formalism introduced in Refs. [33] when n is integer and in Ref. [34] when n is general noninteger. 4 On the other hand, the coupling A 1 (Q 2 ), analytic in the complex plane outside of the negative semiaxis Q 2 ∈ C\(−∞, 0], can be expressed via the discontinuity function ρ 1 (σ) ≡ Im A 1 (−σ − iǫ) which is defined only for σ > 0. The expression is a dispersion relation which follows from the application of the Cauchy theorem, the analyticity of A 1 (Q 2 ), and the asymptotic freedom at large
Due to the success of perturbative QCD at high energies, it is reasonable to assume that at higher σ (σ > M 2 0 , where M 0 1 GeV) the discontinuity function ρ 1 (σ) coincides with the underlying perturbative function ρ (pt) 1 (σ) ≡ Im a(−σ − iǫ). In the low-σ regime (0 < σ < M 2 0 ) the behavior is unknown in its details, and is here parametrized with two delta functions 5 at lower values σ = M
In Eq. (3) dimensionless parameters were introduced:
, and r
, c 2 being a scheme parameter. The Lambert scale Λ 2 (
GeV 2 ) will be defined below. The underlying perturbative coupling a(Q 2 ) is taken, for convenience, in such renormalization schemes where it can be expressed explicitly as a solution in terms of the Lambert function W (z)
Here, Q 2 = |Q 2 | exp(iφ); W −1 and W +1 are the branches of the Lambert function for 0 ≤ φ < +π and −π < φ < 0, respectively, 6 and the variable z involves the mentioned Lambert scale Λ
The explicit expression (4) was presented in Ref. [40] . It is the solution of the following (perturbative) renormalization group equation (RGE):
Here, β 0 = (1/4)(11 − 2n f /3) and c 1 = β 1 /β 0 = (1/4)(102 − 38n f /3)/(11 − 2n f /3) are universal constants. On the other hand, c 2 ≡ β 2 /β 0 is the free three-loop renormalization scheme parameter. The expansion of the above beta function β(a) = ∂a/∂ ln Q 2 gives
with the higher renormalization scheme parameters c j ≡ β j /β 0 (j ≥ 3) fixed by the value of c 2 :
7 5 We note that the function
, is a Stieltjes function (and M thr ∼ 10 −1 GeV is a QCD threshold scale). Approximating the discontinuity function ρ(σ) of any Stieltjes function f (Q 2 ) as a sum of delta functions is well motivated, cf. Refs. [36, 37] , because it leads to approximating the Stieltjes function by near-to-diagonal Padé approximants. The latter must converge to the Stieltjes function when the order (i.e., the number of deltas) increases [38] . An idea similar to Eq. (2), but with one delta, was applied in Refs. [27, 28] directly to spectral functions of the vector current correlators. 6 The functions W ±1 (z) are implemented in MATHEMATICA [39] by the commands ProductLog[±, z]. 7 Further use of Lambert functions in QCD running is discussed also in Refs. [41] [42] [43] [44] . Application of the dispersion relation (1) to the discontinuity function (3) gives the analytic coupling A 1 (Q 2 ) of the model , with a chosen value of c 2 and in the considered low-momentum regime of interest (Q < 2m c where n f = 3), is first transformed to the exact four-loop MS scheme, then RGE-evolved up to Q 2 = M 2 Z using the four-loop MS beta function and at the quark thresholds Q 2 thr = (2m q ) 2 using the three-loop matching conditions [46] . The Lambert scale Λ (at n f = 3) is then fixed such that the described procedure leads to the value a (MS) (M Table I . 8 However, the world average of the coupling parameter [45] has some uncertainty: a (MS) (M [18, 19] .
Having the analytic analog (a(Q 2 )) an = A 1 (Q 2 ) in 2-delta QCD analytic model in Eq. (8), the analytization of higher integer powers (a n ) an = A n is performed according to the construction in Refs. [33] which is applicable to any analytic QCD model. We briefly present it below. The basic idea is to introduce the logarithmic derivatives
We note that
, where beta function β(a) has the pQCD expansion as given in Eq. (7). Due to the linearity of analytization, it follows from (a(
, and thus in general
where
and where A 1 (Q 2 ) is given in our case in Eq. (8) . An interesting aspect is that in virtually any analytic QCD model, including the present one, we have a clear hierarchy (22)- (23) with truncation at (including) A4 term; included are the (Lambert) pQCD analogs a, 4a
2 and 4 2 a 3 .
the following approach to the evaluation of any dimension-zero (D = 0) contribution D(Q 2 ) of a massless spacelike observable, such as Adler function, in analytic QCD. Let the perturbation series (pt) of this quantity be
where µ 2 = κQ 2 is a renormalization scale, κ ∼ 1 being a fixed chosen dimensionless renormalization scale parameter. 9 Before evaluating D(Q 2 ) in analytic QCD, we reorganize the above series into the corresponding "modified" perturbation series (mpt) in logarithmic derivatives a n+1 , Eq. (9)
This leads, after applying the analytization (10) term-by-term, to the ("modified") analytic series (man)
which is the basic expression for evaluation of D(Q 2 ) in analytic QCD. Since the "mpt" series (13) is just a reorganization of the κ-independent "pt" series (12), the "mpt" series D(Q 2 ) mpt is also κ-independent. This then immediately implies, in conjunction with the recurrence relation ∂ a n (κQ 2 )/∂ ln κ = −β 0 n a n+1 (κQ 2 ) [this being a direct consequence of the definition (9)], the following set of differential relations between d n (κ):
where d 0 (κ) = d 0 (κ) = 1 by definition. Using these relations, it is straightforward to verify that the ("modified") analytic series D(Q 2 ) man of Eq. (14) is κ-independent.
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The coefficients d n (κ) are obtained from d k (κ)'s (k ≤ n) in the following way. We first relate powers a n+1 and the logarithmic derivatives a n+1 , at a given scale Q 2 (or: µ 2 = κQ 2 ) using the RGE relations in pQCD
and we invert them
Replacing the relations (18)- (19) into the perturbation expansion (12) for D(Q 2 ) we can read off the tilde coefficients d n (κ) of the reorganized ("modified") expansions (13)- (14) 
Applying analytization, Eqs. (10)- (11), in relations (18)- (19) term-by-term, we finally obtain the analytic analogs of integer powers, A n = (a
This means that the "modified" analytic series (14) can be rewritten in the more usual form, in close analogy with the original perturbation series (12)
This series, being a reorganization of the κ-independent series D(Q 2 ) man of Eq. (14), is therefore also κ-independent. Several couplings A n in the present analytic QCD model, for low positive Q 2 , are presented in Fig. 1(b) . In practice, in the expansions of D(Q 2 ), Eqs. (12) and (13), we know exactly only a few first coefficients d n (κ), up to (and including) n = n max , i.e., up to a nmax+1 . This implies that in the relations (16)- (19) and (22)- (23) it is natural to perform truncations at (and including) the term ∼ a nmax+1 (∼ a nmax+1 ∼ A nmax+1 ∼ A nmax+1 ). For example, in the case of Adler function, n max = 3, the perturbation series and the reorganized series are truncated at a 4 (∼ a 4 )
and the two analytic series (14) and (24) also become truncated, at
If the relations (16)- (19) and (22)- (23) are then truncated naturally, i.e., at (and including) ∼ a 4 (∼ a 4 ∼ A 4 ∼ A 4 ), it is straightforward to check that the truncated series (25) is identical with (26) , and (27) with (14) .
Due to the truncation, the above series are renormalization scale (κ) dependent. However, since the form of all the RGE relations of pQCD is maintained, by construction, also in analytic QCD under the correspondence a n → A n and a n → A n , the truncated analytic series (27) and (28) have weak renormalization scale dependence of one order higher than the last included term
and this dependence is getting weaker when the number N = n max + 1 of terms in the truncated series increases
The last relation ∼ on the right side of Eq. (30) is valid as long as the couplings A n , appearing in D(Q 2 ; κ)
an , are constructed via the linear combinations Eqs. (22)- (23) with so many terms that the last term A M included there has M ≥ N . The derivative of the "man" truncated series on the left-hand side of Eq. (30) is in fact only one term
as can be explicitly checked by using the recursive relation 13 ∂ A n+1 (κQ 2 )/∂ ln κ = −β 0 (n + 1) A n+2 (κQ 2 ) and the differential relations (15) between the coefficients d n (κ) which are a consequence of κ independence of the full "man" series (14) . The derivative of the "an" truncated series on the right-hand side of Eq. (30) is in general a finite linear combination of terms A R+1 (κQ 2 ) with R ≥ N , the number of the terms of this combination depending on the level of truncation made in the construction of A n 's in the relations (22)- (23) . One of the benefits of using analytic QCD is that this residual unphysical dependence
] is getting weaker with increasing N irrespective of the physical momentum scale Q 2 (in stark contrast with truncated series in pQCD), because of the aforementioned hierarchy
. The described method of analytization of integer powers a n was constructed in Refs. [33] , and was extended in Ref. [34] to the case of terms with noninteger powers a ν and of terms of the form a ν ln k a. If the analytization of higher powers a n were performed in the naive nonlinear way, (a n ) an = A n 1 , the renormalization scale dependence of the truncated series would in practice not decrease with the inclusion of more terms in the series, but would in general even increase, because in such a case the derivatives ∂/∂ ln κ of the truncated series include complicated nonperturbative contributions such as 1/(Q 2 ) K , cf. Appendix C of Ref. [22] (second entry). The full (naive) analytic power series
is not κ-independent, basically because the powers A 1 (κQ 2 ) n do not fulfill RGE relations analogous to those of a(κQ 2 ) n . The RGE of the coupling A 1 (Q 2 ) has now, by construction, formally the same form as the RGE of pQCD coupling a(Q 2 ) where we replace a n → A n
In Sec. IV we will present the curves of the resulting A 1 (Q 2 ) and of the underlying Lambert pQCD coupling a(Q 2 ) on the Q 2 -contours in the complex plane which are needed for the evaluation of the Borel sum rules there.
In the extraction of the experimental value of the strangeless V +A decay ratio r τ (△S = 0, m q = 0) exp = 0.203 ± 0.004, [18, 19] , the contributions of the higher dimension (D = 2, 4, 6, 8) chirality-violating terms (i.e., nonzero quark mass effects) were subtracted. These latter terms were estimated to be δr τ (△S = 0, m u,d = 0) = (−5.8 ± 1.4) × 10 −3 (cf. also Appendix B of Ref. [22] ). The chirality-nonviolating contributions were not subtracted from the mentioned r τ (△S = 0, m q = 0) exp = 0.203 ± 0.004. Among the chirality-nonviolating D ≥ 2 contributions, the only possibly nonnegligible one (cf. Ref. [30] ) is the D = 4 contribution from the gluon condensate, (δr
τ . However, in our evaluation of r τ (△S = 0, m q = 0) in the analytic QCD we assumed that the gluon condensate contribution is negligible, i.e., r τ (△S = 0, m q = 0) was evaluated as the D = 0 contribution only, and was required to achieve the value 0.203. Later in this article, we will deduce that the gluon condensate in analytic QCD has similar values as in pQCD, i.e., aGG ≈ 0.005 GeV 4 , which then gives us the contribution to r τ
where we replaced α Fig. 1(a) . Thus we can conclude a posteriori that our neglecting of the higher dimension chirality-nonviolating terms in the OPE of r τ was justified in our evaluation of r τ , where the latter evaluation contributed significantly to the fixing of parameters of the (2-delta) analytic QCD model.
III. PADÉ-RELATED RESUMMATION OF ADLER FUNCTION IN ANALYTIC QCD
In this Section we summarize an evaluation method for massless spacelike physical quantities, which we apply to the evaluation of the dimension
. This method was developed some time ago for pQCD evaluations [48, 49] and is a generalization of the diagonal Padé (dPA) resummation method in pQCD [50] . We will first apply dPA to the mentioned (D = 0) Adler function D(Q 2 ). The perturbation series of this quantity is known up to the fourth term, Eq. (25), where µ 2 = κQ 2 is the (squared) spacelike renormalization scale (κ ∼ 1), and the truncated series has a residual µ 2 -dependence due to truncation.
, in MS scheme and at the renormalization scale µ 2 = Q 2 , were obtained in Refs. [51] [52] [53] , respectively 
The light-by-light contributions were not included in these coefficients, since they are zero when the number of effective quark flavors is n f = 3 (then: β 0 = 9/4). The value n f = 3 is used in the evaluation of D(Q 2 ) because the relevant energies in the analysis of the next Section are
. We are interested in evaluation of Adler function in 2-delta analytic QCD model of Sec. II and in the corresponding pQCD with the same renormalization scheme. Therefore, we have to transform first this expansion from the MS renormalization scheme to the new (Lambert) scheme of 2-delta analytic QCD model: c 2 = −4.76; c 3 = c 2 2 /c 1 ; etc., cf. second line of Table I , and Eqs. (4)- (7) which define the corresponding pQCD and the renormalization scheme. The scheme invariance of the perturbation expansion (12) then implies that the coefficients in the new (Lambert) scheme are
where the bars denote the values in MS scheme. The new expansion coefficients d j (µ 2 /Q 2 ), in Lambert scheme and at the renormalization scale µ 2 = κQ 2 , are then
where these relations were obtained from the renormalization scale invariance of the perturbation expansion (12) . The resulting truncated perturbation expansion D(Q 2 ; κ) [4] pt , Eq. (25), is then used as the basis for the evaluation of the D = 0 Adler function D(Q 2 ) in 2-delta analytic QCD model. Due to truncation, it has (unphysical) renormalization scale dependence, ∂D(Q 2 ; κ) [4] pt /∂ ln κ ∼ a 5 , and the same is true for the corresponding analytic truncated series D(Q 2 ; κ) [4] an , Eqs. (28), i.e., ∂D(Q 2 ; κ) [4] an /∂ ln κ ∼ A 5 , cf. Eq. (29). The dPA-resummed result can be written in two equivalent ways
where α 1 + α 2 = 1. In Ref. [50] it was shown that this approximant is independent of the renormalization scale µ 2 = κQ 2 (i.e., independent of κ) used in the original truncated series (25) if the RGE-running is at the one-loop level. Building on this idea, in Refs. [48] this approach was extended so that the µ 2 -independence of the resummed result was exact. 15 For this, the truncated perturbation series D(Q 2 ; κ) [4] pt , Eq. (25), in powers of a(µ 2 ), was first reorganized into the truncated series D(Q 2 ) [4] mpt , in logarithmic derivatives a n+1 defined in Eq. (9) . The factor in front of this definition was chosen so that a 1 ≡ a and a n+1 = a n+1 + O(a n+2 ) for n ≥ 1. We recall that at one-loop level
The reorganized truncated (modified) perturbation series D(Q 2 ; κ) [4] mpt is given in Eq. (26), where the new coefficients d j (κ) are related to the original coefficients d j (κ) in Eqs. (20)- (21), and c j ≡ β j /β 0 are the coefficients of the beta function, Eq. (6). The coefficients d j (κ) can be regarded as "the one-loop parts" of the original coefficients d j (κ), because they have the simple one-loop type of renormalization scale dependence (involving only the β 0 coefficient). Namely, upon integrating directly the differential relations (15) , which were obtained on the basis of κ independence of the full series D(Q 2 ) mpt of Eq. (13), we obtain the explicit form of κ dependence of d n (κ)
where we recall that κ is the dimensionless renormalization scale parameter (κ = µ 2 /Q 2 ), and d 0 = d 0 = 1. The procedure for the construction of the generalization of dPA method consists now in the following. In the modified truncated series D(Q 2 ; κ) [4] mpt , Eq. (26), we replace, in the one-loop sense, the logarithmic derivatives by the powers a n (µ 2 ) → a 1ℓ (µ 2 ) n , and obtain a truncated power series of a new quantity
where a 1ℓ (κQ 2 ) = a 1ℓ (µ 2 ) is the coupling RGE-evolved from a(Q 2 ) to a(µ 2 ) by the one-loop beta function (−β 0 a 2 )
The full (untruncated) series
n+1 is κ-independent, as can be easily checked by using the differential relations (15). Now we apply to the truncated power series of D(Q 2 ) pt the [2/2] Padé 14 We recall that in the case of a four-term power series (25) , the diagonal Padé is [2/2](a), which is by definition the ratio of two quadratic polynomials in a ≡ a(µ 2 ) such that D − [2/2](a) ∼ a 5 . 15 Since the physical quantity D(Q 2 ) is µ 2 -independent, this extended resummation, having the same property, is expected to approximate better the (unknown) full expression for D(Q 2 ).
approximant, as was performed in Eqs. (41)-(42) in the case of D(Q
Here, α 1 + α 2 = 1. Going from Eq. (47) to (48), we used the relation (45) and denoted the new scales as
The resulting approximant for the original truncated power series (25) is then obtained by simply replacing the one-loop pQCD coupling a 1ℓ in Eq. (48) by the full pQCD coupling a (= α s /π)
This method of construction can be applied in a completely analogous way when the number N of known perturbation terms in the series of D(Q 2 ) pt is any even number N = 2M (N = 2, 4, 6, . . .), 16 leading to the approximant
where α 1 +. . .+ α M = 1. In Ref. [48] it was proven that the result is exactly independent of the original renormalization scale µ 2 = κQ 2 . In the proof in Ref. [48] it was demonstrated that each weight coefficient α j and each scale coefficient κ j is separately independent of the renormalization scale parameter κ; for a somewhat less formal and more intuitive proof, see Appendix A here. The κ-independent coefficients α j and κ j ≡ Q 2 j /Q 2 are also Q 2 -independent since they are dimensionless. In Ref. [48] it was also proven that the approximant fulfills the basic approximation requirement required of any resummation approximant
The approximant (50), although theoretically attractive, turned out not to work well within pQCD. The reason for this is that one of the two scales in Eq. (50), e.g. Q However, in Ref. [31] this method was revived and applied in analytic QCD frameworks, where no such problems of Landau singularities appear. It was demonstrated in Ref. [31] that the approximant (50) should be applied with the same weights and the same scales as in pQCD also in analytic QCD where the analytic truncated power series of the physical quantity has the form (28) analogous to Eq. (25) and the modified truncated analytic series (27) has the form analogous to Eq. (26) . 17 The resummed result is completely analogous to Eq. (50)
with α j and κ j obtained by construction in Eqs. (47) and (49) and thus µ 2 -and Q 2 -independent. The applicability of the approximant (53) is based on the fact, proven in Ref. [31] , that it also fulfills (the analytic analog of) the basic approximation requirement, i.e.,
For the analogously constructed G
an.), the above difference becomes ∼ A 2M+1 (∼ A 2M+1 ), cf. Ref. [31] .
We recall that in pQCD we regard D = D pt = D mpt , and in analytic QCD D = D an = D man , where these series quantities are written in Eqs. (12)- (13) and in Eqs. (24) and (14), respectively.
In the renormalization scheme of 2-delta analytic QCD model (Lambert scheme central choice:
for j ≥ 3), where the three coefficients d j (κ) at general renormalization scale parameter κ (≡ µ 2 /Q 2 ) are obtained via Eqs. (34)-(40), the described formalism gives us the following values of the scale coefficients κ j and weights α j :
These quantities are each exactly independent of the choice of the original renormalization scale parameter κ (≡ µ 2 /Q 2 ) in the original expansion coefficients (38)- (40), as proven in Ref. [48] and in Appendix A, and as can be checked also numerically by starting with the construction of these quantities from
, which is a logarithmic derivative of the leading-dimension part of the polarization operator (correlator) of hadronic currents, will play a central role in the next Section in the analysis of the Borel sum rules involving invariant-mass spectra of the τ lepton decay, applied within 2-delta analytic QCD model described in the previous Section. We will thus apply the method of resummation described here, Eq. (53), for the evaluation of the Adler function at complex
IV. ANALYSIS OF TAU DECAY DATA WITH BOREL SUM RULES
The idea of sum rules in τ decay physics could be summarized as an application of the identity
where the contour integration on the right-hand side is in the counterclockwise direction, f (Q 2 ) is an analytic function in the Q 2 complex plane, and ω(σ) is the spectral function of the polarization function Π(Q 2 ) of hadronic currents
The identity (56) is obtained by applying the Cauchy theorem to the function f (Q 2 )Π(Q 2 ) and taking into account the analytic properties of the physical polarization function Π(Q 2 ) as required by the general principles of quantum field theories. We recall that in pQCD-evaluated (pQCD+OPE) polarization function Π(Q 2 ) th these analyticity properties are in general not respected, because of the Landau singularities of the pQCD coupling a(Q 2 ). This means that in pQCD, when we replace on the left-hand side of Eq. (56) ω exp (σ) → ω th (σ), the identity in general ceases being valid. In analytic QCD no such conceptual problems appear, the theoretically evaluated Π(Q 2 ) th automatically respects the analyticity properties on which the sum rule (56) is based.
In this work we are interested in the nonstrange V +A channel of τ decays. As a consequence, the polarization function is a sum of functions
These functions appear in the polarization operators Π J µν (q) which are correlators of the (nonstrange) charged hadronic currents
For more details on these points, we refer to Refs. [29, 30] . On the left-hand side of the rum rule (56) the experimental spectral function ω exp (σ) is used, obtained from the measured τ -decay invariant-mass spectra for 0 < σ < m 2 τ . 18 On the right-hand side of Eq. (56), the theoretically evaluated polarization function Π(Q 2 ) appears, which can be evaluated with the OPE
The D = 2 operator term (i.e., n = 1 term) comes from the nonzero values of the current masses of u and d quarks, it is negligible and is neglected here. For the evaluation of the contour integral on the right-hand side of Eq. (56), it is convenient for us to perform integration by parts, resulting in
and the function F is any function satisfying the relation
The dimension zero (D = 0, or leading-twist) terms are related by
The Table I ) according to the relations (37) , and the resulting coefficients d j (κ), at an arbitrary renormalization scale parameter κ ≡ µ 2 /Q 2 , are given in Eqs. (38)- (40) . The resulting truncated analytic series, in 2-delta analytic QCD, is given in Eqs. (27)- (28) . The latter two expressions are identical because the construction of the analytic analogs (a n ) an ≡ A n was performed as a truncated linear combination of the logarithmic derivatives A k 's of A 1 [cf. Eq. (11)] according to Eqs. (22)- (23), with the last included term in those linear combinations being A 4 . On the other hand, the resummed expression was obtained in Eq. (53) in 2-delta analytic QCD and Eq. (50) in pQCD, with the RGE-invariant values of the scale and weight coefficients κ j and α j given in Eqs. (55) . We refer for more details to Sections II and III.
The basic idea of the Borel sum rules is to choose, in the sum rule relation (56) [or: (62)], for the function f an exponential function [29, 30] 
where M 2 are, in principle, arbitrary complex scales. Other choices of function f , in the context of sum rules, have also been used in the literature, cf. Refs. [32, [55] [56] [57] [58] . The integrals in the sum rules (56), (62), with the choice (67), become Borel transforms 19 B(M 2 ), and the sum rule acquires the form
and the D = 0 part is the following contour integral:
The Borel transform suppresses the D ≥ 4 terms by (n − 1)! factor (n ≡ D/2), 20 and suppresses the high energy tail of ω exp (σ) where the experimental errors are larger. For the low-energy regime |Q 2 | < 1 GeV 2 , it does not provide suppression. In Refs. [29, 30] it was argued that the D = 0 part of the Borel sum rule can be reliably calculated within pQCD only for |M | 2 > 0.8-1 GeV 2 , due to the (unphysical) Landau singularities of the pQCD coupling a(Q 2 ). In analytic QCD we do not have this problem.
Eq . Table I ).
underlying pQCD coupling a differ from each other appreciably only at the low scales, i.e., at Q On the other hand, if not performing the resummation in analytic QCD, the truncated series (27) and thus the logarithmic derivatives A j+1 (µ 2 ) have to be evaluated; and in the underlying pQCD, the powers of a(µ 2 ) have to be evaluated, cf. Eq. (25) . In all such cases, the otherwise arbitrary renormalization scale µ 2 = κQ 2 will be chosen with κ = 1, i.e., Q 2 = m 2 τ exp(iφ). The real and imaginary parts of the couplings A 1 (Q 2 ) and a(Q 2 ), as well as of the MS coupling a(Q 2 ; MS), as functions of the contour angle φ, are presented in Figs. 3 (a),(b) . We can see that the analytic coupling A 1 (Q 2 ) and the underlying pQCD coupling a(Q 2 ) are almost indistinguishable at such scales |Q 2 | = m 2 τ . In fact, also the corresponding logarithmic derivatives a j+1 (Q 2 ) and A j+1 (Q 2 ) are very close to each other. 21 This means that the two "modified" truncated approaches (26) and (27) , with µ 2 = Q 2 (= m 2 τ exp(iφ)), give us results very close to each other. While in analytic QCD we will truncate the series in terms of logarithmic derivatives, Eq. (27), we will, however, in pQCD apply the truncation to the power series, Eq. (25) (with µ 2 = Q 2 ), instead. Therefore, due to this somewhat different kind of truncation, the difference will be appreciable, but small nonetheless, between the truncated analytic and the truncated pQCD approaches.
In order to separate or isolate terms of various dimensions in the Borel sum rule (68)- (70), the Borel transform is evaluated along fixed chosen rays in the complex M 2 plane [29, 30 ]
For example, when ψ = π/6 (ψ = π/4), the real part of the Borel transform contains no D = 6 (D = 4) term 22 because Re(e iπ/2 ) = 0
The D = 4 and D = 6 operators can be expressed in terms of condensates [20] 
is obtained after factorization (vacuum saturation) assumption of various 4-quark condensate contributions, and is expected to be valid with not better than 20-30% accuracy [20, 29] .
The results of our analysis for the ψ = π/6 are given in Fig. 4 . Using 2-delta analytic QCD model described in 
For the parameters of the analytic QCD model we used the central values of the parameters as determined in Ref. [24] , i.e., the second line of Table I here. The central condensate value 0.0055 GeV 4 was obtained by adjusting the gluon condensate value in such a way that the theoretical curve (the solid line in Fig. 4) gives the minimal deviation 
The uncertainties given above were obtained by adding in quadrature the experimental uncertainty δ aGG exp = ±0.0040 GeV 4 and the uncertainty from δα It is interesting that the evaluation with the pQCD approach in Lambert scheme (resummed) and in MS scheme (not resummed), 25 give similar results for the gluon condensate as in anQCD resummed (and with only somewhat higher χ 2 ). However, the latter is not the case for the curves when ψ = π/4 [cf. Eq. Adding in quadrature this gives us δ O (V +A) 6 oth = ±0.6 × 10 −3 GeV 6 . We thus obtain the following estimate for D = 6 condensate of the V +A channel:
The standard minimization gave for the central value a negative number close to zero (−0. 
It is interesting that the methods other then the resummed analytic QCD approach give us for the central value of D = 6 condensate significantly more negative values. Specifically, if we adjust in these methods the D = 6 condensate value by the standard minimization (with 40 equidistant points) to the experimental values, we obtain the following values of the condensate, and of the χ 2 fitting parameter:
The uncertainties above include, in quadrature, the experimental uncertainty δ O 6 exp = ±0.9 × 10 −3 GeV 6 , and the uncertainty from δα . This agrees also with the analyses of τ -decay data in Refs. [56, 57] , where finite energy sum rules were applied (in pQCD+OPE approach) in MS scheme. The results (83) thus suggest that the factorization assumption leading to the relation (76) fails to predict correctly even the sign of the condensate, i.e., that it fails much more severely than by 20-30% mentioned in Ref. [29] . On the other hand, the properly resummed analytic QCD (+ OPE) approach gives us the result (79) and (80), suggesting that the relation (76) does not necessarily fail so severely. In fact, the resummed analytic QCD gives for the choice O 
The dashed curve is the result of the choice O = −1.8 × 10 −3 GeV 6 and aGG = 0.0059 GeV 4 ).
Further, it is straightforward to verify that the truncated series D(Q 2 ) [4] pt of Eq. (44), while being κ-dependent due to truncation, at the two renormalization scale parameters κ and κ ′ differ from each other by ∼ x 5 (∼ x ′5 ) terms
where the two truncated series of Eq. (44) with κ and κ ′ are denoted as P κ (x) and P κ ′ (x ′ ) which are quartic polynomials in x and x ′ , respectively
Namely, the relation (A6) follows from the fact that both P κ (x) and P κ ′ (x ′ ) differ from the full κ-independent series D(Q 2 ) = a 1ℓ (κQ 2 ) + ∞ n=1 d n (κ) a 1ℓ (κQ 2 ) n+1 by terms ∼ x 5 (∼ x ′5 ). On the other hand, Eq. (A5) implies for the sum of simple fractions appearing in the construction of the method, Eq. (47), the following identity:
The left-hand side of Eq. (A9) is, by construction, the diagonal Padé [2/2] Pκ (x) of the polynomial P κ (x) [≡ D(Q 2 ; κ) [4] pt ], cf. Eqs. (46) 
The difference in the first pair of parentheses on the right-hand side of Eq. (A10) is ∼ x 5 because the sum of simple fractions there is, by construction, the diagonal Padé [2/2] Pκ (x) of the polynomial P κ (x); the difference in the second pair of parentheses is ∼ x 5 due to the relation (A6). Eq. (A10) means that the sum of the simple fractions on the left-hand side there is the diagonal Padé [2/2] P κ ′ (x ′ ) of the polynomial P κ ′ (x ′ ). However, since P κ ′ (x ′ ) is a polynomial whose coefficients are entirely independent of κ (they are only κ ′ -dependent), this leads to the conclusion that the coefficients of the Padé [2/2] P κ ′ (x ′ ) appearing on the right-hand side of Eq. (A9) are κ-independent, i.e., that α j and u j (κ j /κ ′ ) are κ-independent. This means that κ j and α j , which were obtained via the construction in Eqs. (44)- (49), are κ-independent. This concludes the demonstration.
The above argument can be almost literally repeated for the general case of N = 2M terms (M = 1, 2, 3, . . .) in the original truncated series (25) and thus in the related truncated series D(Q 2 ; κ ′ )
